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SUMMARY

An efficient and robust algorithm to numerically detect material instability or bifurcation is of great impor-
tance to the understanding and simulation of material failure in computational and applied mechanics. In
this work, an intelligence optimizer, termed the particle swarm optimization, is introduced to the numerical
solution of material bifurcation problem consisting of finding the bifurcation time as well as the correspond-
ing bifurcation directions. The detection of material bifurcation is approached as a constrained minimization
problem where the determinant of the acoustic tensor is minimized. The performance of the particle swarm
optimization method is tested through numerical bifurcation analysis on both small and finite deforma-
tion material models in computational inelasticity with increasing complexity. Compared with conventional
numerical approaches to detect material bifurcation, the proposed method demonstrates superior perfor-
mance in terms of both computational efficiency and robustness. Copyright © 2016 John Wiley & Sons,
Ltd.
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1. INTRODUCTION

When materials are sufficiently deformed into the inelastic regime, they may exhibit instability or
bifurcation in the form of localized zone of intensive deformation. Upon continued loading, such
localized deformation or shear band often leads to the complete material failure. In addition to such
localized failure mode, a diffuse bifurcation mode may also occur, which has been analyzed in
previous studies [1–3]. An efficient and robust method to detect the onset of material bifurcation
and the associated bifurcation directions is of great importance to not only the investigation of
the bifurcation phenomenon itself but also the development of effective numerical techniques to
accommodate such inhomogeneous deformations and to propagate numerical solutions beyond the
bifurcation point.

In the context of material bifurcation analysis, existing bifurcation criteria generally fall into four
categories [4]: the general bifurcation criterion [5], the limit point criterion [6], the loss of strong
ellipticity condition [7], and the classical continuous bifurcation condition [8, 9]. In this work, we
adopt the classical continuous bifurcation condition to illustrate the proposed numerical method to
detect material instability. The numerical method works for both symmetric and unsymmetric mate-
rial tangents and can be applied to other bifurcation criteria. The focus will be on the computational
efficiency and robustness of the numerical method.
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1.1. Previous work

The detection of material bifurcation consists of finding the bifurcation time, the associated bifurca-
tion directions and/or the bifurcation mode, for example, localized versus diffusive bifurcation. The
bifurcation condition of a material at a given state can be quantified by tracking the determinant of
the acoustic tensor constructed from the fourth-order material tangent modulus. Bifurcation occurs
if the acoustic tensor loses its positive definiteness, and the associate bifurcation directions are the
unit vectors along which the acoustic tensor gives non-positive determinant.

Existing approaches to detect material bifurcation generally fall within analytical closed-form
solutions or numerical approaches. The analytical solutions to the bifurcation problem, if available,
are typically the most robust and efficient options. Examples of previous work along this line include
[8, 10–16]. However, those analytical solutions are only applicable to specific material models and
loading conditions upon which they were derived. Analytical solutions to bifurcation problem with
more complicated material models and general loading conditions can be extremely difficult to
obtain. Such limitations motivate the development of numerical approaches.

Numerical solutions to the material bifurcation problem can be dated back to the work of Ortiz
and coworkers [10, 17], in which the constrained minimization problem of bifurcation detection is
converted to the equivalent problem of finding eigenvalues of the derivative of the objective func-
tion, that is, the determinant of the acoustic tensor. The process consists of two steps. First, an initial
sweep in the parametric space of the unit vector is performed to find an estimator of the minimum of
the determinant of the acoustic tensor. Second, an iterative algorithm is taken to solve an eigenvalue
problem to find the exact solution of the minimization problem. One major assumption of this algo-
rithm is the major symmetry of the material tangent modulus, which is loosened by Sanborn and
Pr Kevost [18] through the modification of the gradient function. An alternative numerical approach
used the Newton–Raphson (NR) method to solve the constrained minimization problem of mate-
rial bifurcation, where the initial guess for the NR iteration is obtained from a sweep through the
parametric space of the unit vector [19–22]. Robustness and efficiency of the NR-based methods
depend on both the complexity of the objective function and the quality of the initial guess. A rel-
ative dense parametric sweep is typically required to ensure convergence of the method. Moreover,
the NR-based method requires the derivation of the so-called Jacobian matrix, which could be chal-
lenging for complicated material tangent moduli. To avoid the pitfalls of NR-based method, Oliver
et al. [23] proposed a numerical algorithm based on the iterative solution of a coupled eigenvalue
problem in terms of the acoustic tensor. The novel algorithm is rather efficient and robust. However,
the solution is only exact for material tangents with both major and minor symmetries and is an
approximation otherwise.

In this work, a novel numerical approach to the solution of material bifurcation problem is devel-
oped based on an intelligence optimizer, that is, the particle swarm optimization (PSO) [24, 25].
The PSO is an iterative stochastic optimization technique that has been used across a wide range of
applications such as image and video analysis, control applications, system identification [26, 27].
Its application in geomechanics community is rare, and a recent effort along this line is the work by
Feng et al. [28] to develop constitutive model for rock using the PSO algorithm.

In the PSO algorithm, particles are randomly placed within the parametric space of the objective
function (e.g., the determinant of the acoustic tensor). The objective function is evaluated at the
location of each particle. In subsequent iterations, the movement of an individual particle will be
governed by a combination of its own current and best locations (in terms of the optimized objective
function value) as well as those of other members. Eventually, collection of all particles, termed
the particle swarm, will converge to the optimum of the objective function [27]. The algorithm
is very efficient and robust because it does not require computation of any derivative information
as in a Newton-type approach. In this work, the proposed PSO-based numerical approach will be
tested through applications to the solution of bifurcation problems involving both small and finite
deformation material models. Moreover, in constructing the objective function, several common
and uncommon parameterizations of the unit vector needed to compute the acoustic tensor are also
compared. The proposed numerical approach is compared with existing Newton-based numerical
methods to further address its superior performance. Also, the algorithm presented is general and can

Copyright © 2016 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. (2016)
DOI: 10.1002/nag



NUMERICAL BIFURCATION ANALYSIS

be applied to the numerical bifurcation analysis of both small and finite deformation computational
inelasticity problems, regardless of the symmetry of the material tangents.

The remainder of the paper is structured as follows: In Section 2, the general framework for
numerical bifurcation analysis is presented, where the classical continuous bifurcation condition is
adopted; Section 3 presents the conventional NR-based numerical approaches with several common
and uncommon parameterizations; Section 4 details the proposed PSO-based numerical approach
as well as its numerical implementation; in Section 5, two numerical examples are presented to
evaluate the performance of different numerical approaches followed by conclusions in Section 6.

2. GENERAL FRAMEWORK OF NUMERICAL BIFURCATION ANALYSIS

In this section, the classical continuous bifurcation criterion to identify the onset of material bifurca-
tion and the associated bifurcation directions is briefly presented. The proposed numerical algorithm
detailed in Section 4 is general and can be easily applied to other bifurcation criteria, for exam-
ple, the general bifurcation criterion [5], the limit point criterion [6], or the loss of strong ellipticity
condition [7].

2.1. Classical continuous bifurcation criterion

The classical continuous bifurcation criterion states that the loss of material stability and localization
will not occur until the acoustic tensor obtains a zero eigenvalue [8, 9]. The necessary condition for
the loss of material stability is then

A �m D 0; 8 m 2 R3: (1)

where A is the acoustic or localization tensor, defined as

A WD n �C � n or Aik WD njCijklnl (2)

in which C is the fourth-order material tangent moduli. It is customary to assume that m and n are
unit vectors, that is, m;n 2 S2 where S2 WD ¹u 2 R3 j kuk D 1º is the unit sphere. If condition (1)
is satisfied by certain set of n andm at a given loading state, material is said to bifurcate with n and
m being the corresponding bifurcation direction and the bifurcation mode, respectively.

To ensure that m in (1) has non-trivial solutions when materials exhibit bifurcation, the
determinant of the acoustic tensor A must vanish, that is,

detA D 0; n 2 S2 (3)

which provides a condition for the onset of bifurcation that can be solved by a numerical method.

2.2. Bifurcation detection

The onset of material bifurcation is characterized by the acoustic tensor losing its positive definite-
ness, that is, when (3) is satisfied. If we assume that the unit vector n is parameterized by a set of
variables q and define the objective function f .q/ as

f .q/ WD detA.q/ (4)

Then, the onset of material bifurcation can be equivalently approached by solutions to a
constrained minimization problem

min
q
f .q/ D 0; n.q/ 2 S2 (5)

When the condition (5) is satisfied, the material bifurcates and its associated bifurcation direction
can be obtained in terms of the unit vector n.
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Remark 1
In the actual numerical simulation, due to the finite size of a loading step, condition (5) may not
be satisfied exactly. Instead, an adaptive time step algorithm [22] will be implemented in this work.
Consider the original time increment from time tn to tnC1, where the minimum of the objective
function �n WD minq f .q/ > 0 and �nC1 < 0. This means that between time tn and tnC1, condition
(5) is satisfied and therefore material bifurcates. In the adaptive time step algorithm, the time step
size will be repeatedly cut until the new minimum of the objective function �n;k is within a small
set tolerance around zero after the kth iteration.

3. NEWTON–RAPHSON-BASED NUMERICAL APPROACHES AND
PARAMETERIZATIONS

If the determinant function f .q/ is differentiable, the minimization problem can be rewritten
equivalently as

@f

@q
.q/ D 0 (6)

Existing numerical bifurcation analysis [10, 17, 20–22] relies on a NR-type iterative method to
solve the minimization problem defined in (6). In a NR-based approach, the numerical detection of
the bifurcation condition for each time increment consists of the following two steps [22]:

� Sampling step: An initial sampling or sweeping is performed over the parametric space of q
for the normal vector n 2 S2. At each of the sampling point, the determinant function (4) is
evaluated. This leads to a rough estimation of the minimum of the determinant function (5) and
the associated bifurcation directions.
� Optimization step: The coarse estimate is then used in the optimization step to initiate an iter-

ative procedure to find a more accurate estimate of the onset of bifurcation and its associated
directions by solving the minimization problem (6).

Efficient and robust solution of the minimization problem (5) or (6) requires a careful choice of
the parameterization for the unit vector n.q/ 2 S2. As shown in a recent work [22], this choice
of parameterization has a significant effect on the complexity of the determinant function f .q/. In
this work, a total of four different parameterizations will be considered in the NR-based numerical
approaches and compared with the newly proposed method to be discussed in Section 4. Figure 1
shows the four parameterizations considered in this work, which are briefly discussed herein. For
more details, the reader is referred to [22]. It should be pointed out that, due to symmetry of the
bifurcation condition, only half of the spherical parametric domain or half of the cubic parametric
domain needs to be searched as given by the ranges of the parameters.

� Spherical parameterization: This parameterization is the most commonly used [20, 21], where
elements of the unit vector n.q/ of the unit sphere S2 are simply parameterized by their spher-
ical coordinates with the polar angle ' 2 Œ0; ��, the azimuthal angle � 2 Œ0; �� and the radial
distance r D knk D 1, written as

n.q/ D n.'; �/ WD

8<
:

sin' cos �
sin' sin �
cos'

9=
; (7)

� Projective parameterization: In the projective parameterization, the norm of the position vector
of a point P with respect to the center of the unit sphere S2 is constrained in length to obtain a
unit vector n. A Lagrange multiplier can be introduced to constrain any norm vector into unit
length, as used by Ortiz et al. [17] and Leroy et al. [10] and written as
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Figure 1. The four parameterizations used in Newton–Raphson-based numerical approaches to detect
material bifurcation (adopted from [22]).

n.q/ D n.x; y; ´/ WD

8<
:
x

y

´

9=
; ; subjected to x2 C y2 C ´2 D 1: (8)

where the parameters x 2 Œ�1; 1�, y 2 Œ�1; 1� and ´ 2 Œ0; 1�.
� Stereographic parameterization: This option parameterizes the unit sphere S2 with the aid of

an equatorial plane. The normal vector n in terms of the canonical basis can be written as

n.q/ D n.x; y/ WD

8̂<
:̂

2x
x2Cy2C1

2y

x2Cy2C1
x2Cy2�1

x2Cy2C1

9>=
>; (9)

where the parameters x 2 Œ�1; 1� and y 2 Œ�1; 1�.
� Cartesian parameterization: The Cartesian parameterization is recently proposed by Mota

et al. [22], where the restriction that the normal vector be of unit length is relaxed. Denote the
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normal vector as v, the Cartesian parameterization of the vector v is given as

v.q/ D v.x; y; ´/ WD

8̂̂
<
ˆ̂:

Œx; y; 1�T ; if x 2 Œ�1; 1� and y 2 Œ�1; 1/I
Œ1; y; ´�T ; if y 2 Œ�1; 1� and ´ 2 Œ�1; 1/I
Œx; 1; ´�T ; if ´ 2 Œ�1; 1� and x 2 Œ�1; 1/I
Œ1; 1; 1�T ; otherwise:

(10)

This parameterization confines the normal vector to the @@cube of side length two centered
at the origin of the unit sphere S2. It has been shown in [22] that using the normal vector v in
place of n in (2) leads to the same bifurcation condition.

The four parameterizations shown in Figure 1 are used with the NR-based numerical approaches
to detect material bifurcation. Regardless of the parameterizations, the NR-based numerical
approaches typically adopt the two-step solution scheme described at the beginning of this section,
where the quality of the initial sampling greatly affects the efficiency and robustness of the numeri-
cal approaches. This point will be further illustrated in the numerical example section. All NR-based
approaches solve the constrained minimization problem (6), which requires that the determinant
function f .q/ to be twice differentiable. In the next section, a novel method is introduced to the
numerical solution of material bifurcation problem (5). This method is based on a stochastic algo-
rithm, termed the PSO, that does not have such constrain on the determinant function and the initial
sweep stage is no longer needed.

4. PARTICLE SWARM OPTIMIZATION FOR BIFURCATION DETECTION

Particle swarm optimization is a stochastic algorithm that is based on social-psychological principles
[29]. It is originally proposed by Eberhart and Kennedy [24] and Eberhart et al. [25]. The develop-
ment of the particle swarm method is inspired by the flight behavior of flocks of birds, that is, the
birds are more likely to fly toward individual and group’s best position, where there is more food or
less flight resistance. There are a variety of modifications and implementations of the particle swarm
method dealing with challenges such as local versus global minimum and multiple minima [26, 30,
31].

In this section, we will develop a PSO-based numerical approach to solve the constrained
optimization problem (5) for the numerical detection of material bifurcation.

4.1. The particle swarm optimization algorithm

In the PSO algorithm, a group of particles, referred to as a particle swarm, are randomly placed
or initialized in the parametric space, within which the objective function is to be evaluated. The
movement of individual particle within the swarm is governed by a combination of its own current
and past best locations (in terms of the objective function value) as well as those of other members.

Consider the objective function f .q/ in (5) with its dependent variable q, which is a vector
of real number of D dimensions, that is, q 2 RD . The objective here is to find q� that gives
the extreme (minimum) values of the objective function f .q�/. To this end, a group of particles
represented by vectors qi are randomly placed in the search space of the parameter sets, with i D
1; 2; : : : ; N indicating the particle index and usually 10 < N < 100. Denote qib as the best position
ever detected by the i th particle, and qgb as the best position ever detected by the group, with the
corresponding objective function values fib D f .qib/ and fgb D f .qgb/, respectively. Then, the
movement of each particle characterized its velocity vi at .k C 1/th iteration (also referred to as
time step in the PSO literature) is given as [28, 31, 32]

vkC1i D wvki C c1�vib C c2�vgb

D wvki C c1�.qib � q
k
i /C c2�.qgb � q

k
i /

(11)

where i is the target particle’s index; w is a parameter called the inertia weight; c1 and c2 are
positive constants, referred to as the cognitive and social parameters, respectively; � and � are two
random numbers uniformly distributed in Œ0; 1�, which are randomly generated for each particle at
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each iteration; vib and vgb are the components of particle velocity influenced by the individual and
group’s best location qib and qgb , respectively.

Once the velocity is determined, the position of the i th particle at the .kC1/th iteration is updated
as

qkC1i D qki C �v
kC1
i (12)

where � is called the constriction factor and is introduced to limit the impact of previous histories
of velocity on the current particle position [31, 33].

For each iteration, the best locations qib and qgb will be updated based on values of the objective
function f .qki / of individual particles as well as other members in the swarm. The particle swarm
as a whole will evolve toward an optimum.

The movements of the i th particle between three consecutive iterations, k � 1, k; and k C 1, are
illustrated in Figure 2. As shown in the figure, the velocity of this particle at the .k C 1/th iteration
consists of three parts: vib , vgb , and vki as indicated in the figure. By adjusting the appropriate
weights on different velocity components, the particle will eventually evolve toward the best (group)
optimum.

The update of particle positions will be repeated until certain convergence criterion is met. Cur-
rently, there is no universal criterion for the convergence of the PSO method. In this work, we use a
simple form by checking the standard deviation 	� of individual’s best location with respect to the
group’s best location, expressed as

	� D

vuut 1

N

NX
iD1

�
f k
ib
� fgb

�2
(13)

When the aforementioned standard deviation is within a set tolerance 
, the algorithm is said to
converge.

4.2. Numerical implementation

In this work, the PSO-based numerical solution to the bifurcation problem (5) is implemented into
Sandia National Laboratories’ open-source finite element code Albany [34–36]. The Albany code is
designed for the rapid development of finite element analysis capabilities enabled through the con-
cept of agile components; generic building blocks of capabilities are readily assembled to meet the

Figure 2. The PSO method: sketch of the i th particle evolution during three consecutive iterations k � 1, k;
and k C 1. The lower indices ib and gb refer to the individual and group’s best position, respectively. The

star indicates location of the global minimum.
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requirements of the ultimate analysis application. Albany has been successfully used to solve prob-
lems in nuclear applications [37, 38], geomechanics problems [39, 40], uncertainty quantification
[41, 42]. Albany is now open source and can be downloaded at the website given in the bibliography
[36].

The flowchart of the PSO-based algorithm is shown in Figure 3. The fourth-order material tangent
moduli C is provided by the constitutive model evaluator in the Albany analysis code to construct
the constrained minimization problem (5). The objective function is the determinant of the acoustic
tensor, that is, f .q/ D detA.q/. The solution of the PSO-based algorithm provides the optimum
(minimum) value of the objective function fgb as well as the associated parameter value qgb . fgb
will be used to check if material bifurcation condition (5) is satisfied and the associated bifurcation
directions can be calculated using the parameter qgb and expressed in terms of the unit vector
n.qgb/. The maximum number of iteration, denoted as kmax in Figure 3, is introduced as a safeguard

Figure 3. Flowchart of the PSO-based numerical algorithm to detect material bifurcation. kmax is the maxi-
mum allowed number of iterations, CONV is a convergence flag to indicate the convergence condition, and


 is the set tolerance for the PSO convergence criterion (13).
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to avoid an endless loop when the algorithm encounters a convergence issue. If convergence cannot
be achieved after kmax iterations, the swam population N should be increased.

The PSO-based algorithm will be used to check the bifurcation condition at every integration
point within every element for every time step during a finite element simulation. Hence, its per-
formance in terms of computational efficiency and robustness is of particular concern. This will
be illustrated through numerical examples in Section 5. Here, it is worth noting that the pro-
posed PSO-based algorithm is particularly suitable for parallel implementation and execution [43].
The evolution of each particle only depends on its own history as well as the group’s best. As
a result, each particle can be evaluated in a separate computing unit, which will further improve
the computational efficiency and is of great advantage to be used within large-scale finite element
simulations.

Remark 2
The proposed PSO-based algorithm also requires the parameterization of the normal vector n used
in constructing the determinant function (2). Here, we choose to compare results of the stereographic
parameterization (9) because the focus is on PSO method itself rather than the parameterizations.
Also, the stereographic parameterization only involves simple arithmetic operations and is slightly
more efficient to evaluate than the spherical parameterization.

Remark 3
One of the major advantages of the proposed PSO-based method, in terms of implementation, is that
the PSO-based approach does not need to evaluate the gradient of the determinant function nor the
assemble of Jacobian matrix required by the NR-based approaches. For complex material models,
these derivative calculations can be quite complex and error-prone.

4.3. Particle swarm optimization parameters and group diversity

4.3.1. Particle swarm optimization parameters. The performance in terms of computational effi-
ciency and robustness of the PSO-based algorithm to detect material bifurcation relies on the careful
choice of algorithm parameters used in updating the particle velocity (11) and location (12). The
algorithm parameters include the inertia weight w, the cognitive and social parameters c1 and c2,
the constriction factor �, and the group or swarm size N .

The inertia weight w in (11) dictates to what extent an individual particle will preserve its pre-
vious history of velocities, and its typical range is 0 < w < 1. This parameter is critical for the
convergence behavior and resolves the tradeoff between the global and the local exploration ability
of the swarm [31]. The exact value of w is problem dependent, but previous experience suggests an
initial value of w around 1 and a gradual decline toward 0 to achieve superior performance [31, 44,
45].

The cognitive and social parameters c1 and c2 in (11) control the tendency of a particle moving
toward the individual or the group’s best positions. Their influence on the algorithm convergence
is less critical compared with the inertia weight w. However, the choice of parameter values for c1
and c2 should satisfy the constraint c1 C c2 < 4.1 C w/ to avoid convergence issue [32]. Experi-
ments from Trelea [46] indicate that large values of c1 and c2 may cause harmonic oscillations and
zigzagging of particle movements. Common practice suggests a general set c1 D c2 D 1:494 with
w D 0:729, which is verified to have great convergence behavior for a variety of test functions. The
study of Parsopoulos and Vrahatis [44] also proposed a default sets of c1 D c2 D 0:5. Alternative
combination of values, depending on the problem, may produce superior performance.

The constriction factor � in (12) is introduced to limit the impact of previous histories of veloc-
ity on current particle position and effectively scale the velocity to within a set limited bound
[31, 33]. Clerc and Kennedy [33] introduced the following formula that can be used to obtain the
constriction factor

� D
2k

k2 � � �
p
�2 � 4�k

(14)

for � > 4, where � D c1 C c2 and k 2 Œ0; 1�. For � � 4, � D k [33].
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Alternatively, a maximum allowed velocity vmax can be used to bound the particle velocity. This
bound on maximum particle velocity will avoid severe mutation of particles.

The group or swarm size N affects the speed of convergence as well as the robustness of the
algorithm. The optima group size is problem dependent. A typical range of 10 < N < 100 is
suggested by Kennedy [29] and has been shown effective for most problems.

In the numerical examples section, influence of algorithm parameters on the performance of the
PSO-based numerical method will be investigated. Recommendations on the optimal combination
will be given. The recommended set of algorithm parameters will be used for all numerical models
and loading conditions.

4.3.2. Group diversity. Particle swarm optimization is a stochastic algorithm in which individual
particle is randomly placed in the search space of the objective function to find optimized function
values. Herein, group diversity refers to the diverse or randomized locations and movements of
individual particles. Such diverse or random feature renders the algorithm particularly effective and
robust in finding optimized solutions to very complex objective functions.

The group diversity or randomness of the PSO-based algorithm comes from the initial random
placement of particles in the search domain, and the two random numbers � and � in (11). The pres-
ence of these two random numbers improves the exploration and prevents premature convergence
to non-optimal positions [46]. In a diverse group, particles are scattered and move to all kinds of
locations, such as multiple local or global minima, which provide better performance in terms of
both computational efficiency and robustness [47, 48]. The superior performance of the proposed
PSO-based numerical algorithm to detect material bifurcation will be illustrated in the numerical
example section.

5. NUMERICAL EXAMPLES

In this section, the performance of the proposed PSO-based algorithm will be evaluated using
two material models subjected to various loading conditions. Material models considered include
a small deformation two-invariant Drucker–Prager (DP) plasticity model and a finite deformation
anisotropic damage model.

The purpose of the numerical examples is to investigate the performance of the proposed algo-
rithm in terms of computational efficiency (i.e., computation time) and robustness (i.e., its ability
to correctly detect material bifurcation). First, a preliminary investigation on the influence of the
PSO parameters will be presented using the DP model. Results from this study will be used to
guide parameter selection. Then, all the subsequent numerical examples use the same set of PSO
parameters.

For comparison purposes, the classical NR-based numerical methods will be implemented
with four parameterizations described in Section 3 termed as NR-spherical, NR-projective, NR-
stereographic and NR-Cartesian, in the following examples.

Remark 4
All the simulations presented are conducted on a PC workstation with Intel Xeon(R) CPU E3-1241
v3 @ 3.5GHz � 8 processor. The code base is Sandia National Laboratories’ Albany code [34–36].

5.1. Small deformation Drucker–Prager plasticity model

The first numerical example is the bifurcation analysis of a small deformation two-invariant DP
plasticity model [49] subjected to plane strain compression. The DP model has been widely used
to simulate the frictional-dilative behavior of granular materials. The analytical solutions of the
bifurcation condition for the DP model are quite tractable [8, 11, 16], which will be used to verify
solutions of the numerical algorithms. Also, the selection of PSO parameters will be investigated
and results will be used to guide other numerical examples.

5.1.1. Model formulation. The yield function, denoted as F , and the plastic potential function,
denoted as G, of the DP model can be written in terms of two stress invariants as
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F D q C ˛p � cf (15)

G D q C ˇp � cq (16)

where p and q are stress invariants defined as p D 1
3
� W ı and q D 3

2
.s W s/1=2; s is the deviatoric

stress tensor, s D � � pı, with � being the Cauchy stress tensor and ı being the Kronecker delta;
˛, ˇ are the internal variables correlated with the angle of friction and dilatancy of the material;
cf is a cohesion parameter and typically cf D 0 for dry granular materials; cq is a cohesion-like
parameter used in the plastic potential function.

For the hardening law governing the evolution of the two internal variables ˛ and ˇ, we adopt a
simple exponential type flow rule as [50]

˛ D a0 C a1� exp.a2p � a3�/ (17)

ˇ D ˛ � b0 (18)

where a0, a1, a2, a3, and b0 are positive material constants; � is the cumulative plastic multiplier.
Using the consistency condition and the additive decomposition of the small strain tensor into an

elastic and a plastic component, the elasto-plastic fourth-order material tangent Cep can be derived
as

Cep D Ce �
1



Ce W g ˝ f W Ce (19)

where Ce is the fourth-order elasticity tensor; f D @F
@�

and g D @G
@�

are the stress gradients of the
yield function and plastic potential function, respectively. The variable 
 is expressed as


 D f W Ce W g CH (20)

with the generalized hardening modulus H given as

H D �@F
@˛

@˛

@�
(21)

5.1.2. Plane strain compression. In this section, a plane strain compression test is simulated as
shown in Figure 4 F4, where n is the outward norm of the bifurcation band. The lateral confining
pressure for the plane strain test is set to 50 kPa. Constant material parameters are taken from [50]:
the elasticity constants E D 25; 000 kPa and � D 0:3; parameters for hardening law a0 D 0:7,
a1 D 50, a2 D 0:0005 1=kPa, a3 D 50, b0 D 0:7, and cf D cq D 0.

Figure 4. Schematic of the plane strain compression test with the original (solid boundary) and deformed
(dashed boundary) element. n is the outward norm of the bifurcation plane and � is the angle between norm

n and the X3 axis. d.t/ is the prescribed axial displacement and 	r is the confining stress.

Copyright © 2016 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. (2016)
DOI: 10.1002/nag



Z. LAI AND Q. CHEN

Figure 5. Plane strain compression test on the Drucker–Prager plasticity model: (a) stress–strain behavior;
and (b) degradation of min.detA/.

Figure 5(a) shows the axial stress–strain behavior in the plane strain compression test along with
the point when material bifurcation is detected. Softening response is reached shortly following the
point where the bifurcation condition is first met. Figure 5(b) shows the degradation of the mini-
mum of the objective function (detA) for all five numerical approaches tested. In the simulation, an
adaptive time described in Section 2.2 is used so that the precise time of bifurcation can be detected.
When the minimum of the objective function is zero, material bifurcates and the associated bifur-
cation directions in terms of the unit vectors n are calculated from the optimum parameter set q�.
For this plane strain compression example, all five types of numerical approaches detect the mate-
rial bifurcation at the same time, that is, when the axial strain 
11 D 0:0201, and the corresponding
bifurcation direction is given in terms of the unit vector n D .0:564945; 0; 0:825129/. It should
be noted that, in this example, there are two conjugate solutions of the bifurcation direction, that
is, multiple global minima exist. The numerical algorithms including the proposed PSO detect and
return only one of the minima. The initial particle position in the PSO algorithm or the initial guess
of a NR-based approach affects which one of these minima is detected and returned. In the case of
an anisotropic material model as will be shown in the second numerical example, the proposed PSO
algorithm is able to detect the true global minima. A recent study [51] includes an interesting and
more detailed discussion on conjugate and dominant localization bands for isotropic and anisotropic
material models.

The analytical solution to the bifurcation problem of the DP model has been derived in a number
of previous work [8, 11, 16]. Denote the bifurcation plane as the X1 �X3 plane, the corresponding
bifurcation direction can be defined in terms of the angle � between the normal vector n and the X3
axis shown in Figure 4. The critical hardening modulus H� and the corresponding bifurcation angle
� at bifurcation could be derived as [11]

H� D �.1C �/

18.1 � �/
Œ2.˛ � ˇ/2 � .1 � �/.

9s3

q
C ˛ C ˇ/2� (22)

tan2 � D �
9.s1 C �s2/C .1C �/q.˛ C ˇ//

9.s3 C �s2/C .1C �/q.˛ C ˇ//
(23)

where s1; s2, and s3 are the principal deviatoric stresses; � is the Poisson’s ratio; � is the shear
modulus; ˛ and ˇ are the two internal variables in the DP model.

Figure 6 plots the hardening modulus (numerical vs. analytical) as a function of applied axial
strain. For the numerical solution, the hardening modulus is computed at each axial strain level.
The analytical solution shown in the figure is the critical hardening modulus required for mate-
rial to bifurcation. At material bifurcation, the hardening modulus predicted by the PSO numerical
method is H� D 270:4 kPa, which matches exactly the analytical critical modulus using (22).
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Figure 6. Evaluation of hardening modulus as a function of the applied axial strain. At material bifurcation,
numerical hardening modulus matches the critical hardening modulus given by analytical solution.

Table I. Computational cost of different PSO
parameter combinations in the plane strain com-
pression test on the Drucker–Prager model at the

onset of bifurcation.

w (run time in �s)

c1; c2 0.5 0.6 0.7 0.8 0.9 1.0

0.1 – – – 1135 399 –
0.3 – 79 106 119 400 –
0.5 62 82 111 185 410 –
0.7 68 86 130 188 530 –
0.9 73 87 122 201 597 –
1.5 68 112 172 390 1107 –
2.0 137 193 314 1159 – –

The run time for each parameter combination is given
in �s. The dash ‘–’ indicates that the parameter
combination fails to detect bifurcation.

The bifurcation direction from numerical solution is n D .0:564945; 0; 0:825129/, which matches
exactly to the bifurcation angle˙34:40ı calculated using the analytical solution (23).

5.1.3. Particle swarm optimization parametric study. To guide the selection of the PSO algorithm
parameters and to understand their influence on the efficiency and robustness of the numerical
method, we perform a parametric study on three key PSO parameters in (11), that is, the iner-
tia weight w, the cognitive and social parameters c1 and c2. The material tangent modulus at the
onset of material bifurcation is used as the input to test the performance of different parameter
combinations. The results in terms of computation time are summarized in Table I.

As seen from Table I, the PSO method is rather robust for majority of the parameter combinations
except when w D 1 or when c1 D c2 D 0:1. The parameter range of w 2 Œ0:6; 0:8� and c1; c2 2
Œ0:3; 0:9� is recommended. In all subsequent examples, we will pick one parameter combination
from this recommended range, that is, w D 0:7, and c1 D c2 D 0:5, for the PSO method. We
will illustrate that the PSO method is very robust with respect to this parameter combination. This
combination is also consistent with recommendations by Parsopoulos and Vrahatis [44] based on
testing of a variety of different objective functions. The group size N and the constriction factor
� have less influence on the convergence behavior and N D 10 and � D 1:0 will be set for all
examples.
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5.1.4. Efficiency and robustness analysis. While Figure 5 shows that all numerical approaches cor-
rectly detect material bifurcation, it provides little information on their computational efficiency
and robustness, which are the focus of this work. To quantify the computational cost of different
approaches, the time spent on bifurcation detection at a particular loading increment, for exam-
ple, at the increment leading to bifurcation, is recorded. Results of computational cost are plotted
in Figure 7. It should be pointed out that, for NR-based approaches, the efficiency and robust-
ness depend greatly on the density of the grid used for the initial sampling (refer Section 3 for the
two-step procedure for NR-based approaches). The computation time shown in Figure 7 for NR-
based approaches is from successful runs with the most efficient grid density. Because NR-based
approaches are very sensitive to the initial guess, in practice, a very dense grid is typically required
for NR-based approaches, which means that the NR-based approaches could be far less efficient than
the results shown in Figure 7. This point will be illustrated in the subsequent robustness analysis.

Figure 8 shows the landscapes of the determinant function (detA) at the onset of material
bifurcation using Cartesian, spherical, and stereographic parameterizations, the result of projective
parameterization is not visualizable in the landscape because it is formulated with three parameters.
Multiple minimum as well as bumps are observed in these complex landscapes, which can result in
significant difficulties for NR-based approaches.

For the NR-based approaches, the sweep over a prescribed grid provides the initial guess to the
subsequent Newton iterative scheme. The quality of this initial guess would greatly affect the com-
putational efficiency and robustness of NR-based approaches. To elaborate the influence of the initial
guess, a situation eliminating sweep stage is investigated. Herein, a random point within the corre-
sponding parametric space is provided as the initial guess for the NR-based approach. If a particular
NR approach is able to correctly detect the onset of bifurcation and its associated directions, this

Figure 7. Plane strain compression test on the Drucker–Prager model: comparison of run time (in �s) for
different numerical methods to detect material bifurcation.

Figure 8. Landscape of the determinant function detA at the onset of material bifurcation during the plane
strain compression test on the Drucker–Prager model using different parameterizations.
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NR approach is said to succeed for this one set of randomly generated parameters. This process is
repeated 1000 times for each NR-based approach.

Figure 9 shows the results from 1000 random runs for three types of NR-based approaches. It
can be seen that the success rate varies greatly among different types of parameterizations. One
interesting phenomenon is that some crosses are fairly close to the correct solution (red star), which
means that even if those initial guesses are very close to the correct solution, the numerical approach
fails to correctly detect material bifurcation. To assure success, a much denser grid needs to be
constructed for the initial sweep, which would in return degrade the computational efficiency.

For the proposed PSO method, once the PSO parameters are selected, its robustness is mainly
affected by the randomness of initial particle positions and the two uniformly distributed random
numbers � and � in (11) for updating particle velocities. Again, using material tangent at the onset
of bifurcation, 1000 repeated runs of bifurcation check using the PSO method are performed.

To make a fair comparison in terms of computation time and success rate, a situation is also inves-
tigated where an initial sweep with N randomly placed points within the parametric space are used
in the NR-based approach. A total of 1000 random runs are performed. Results of computation time
and success rate are summarized in Table II. It can be seen from the table that the PSO method takes
more iteration counts to solve the optimization problem. However, because the PSO method does
not need to compute the Jacobian matrix of the objective function as required in a NR iterative solve,
the averaged run time for the PSO method is much less compared with the NR-based approaches.
Among various NR-based approaches, the NR-Cartesian is the most efficient and the NR-projective
is the most robust one. The most notable feature of the PSO method is its 100% success rate when
it comes to correctly detect material bifurcation and the associated directions. In contrast, the NR-
based approaches are greatly affected by the quality of its initial guesses and a poor initial guess
will result in the failure of the method. A recent study [22] has also investigated the robustness of
NR-based approaches as a function of the number of initial points, where it is found that the NR-
Cartesian approach is the most robust among all NR-based approaches, which is consistent with the
results shown in Table II.

Figure 9. Robustness study for NR-based approach with a single random initial guess for minimizing the
determinant function at bifurcation. A solid circle (�) indicates that the initial point leads to a successful
detection of bifurcation and its directions. A cross (�) indicates failure. The red star indicates the bifurcation

solution. A total of 1000 random trials are performed for each parameterization.

Table II. Success rate and averaged computation time of different numerical approaches with
random initial points (for NR-based approaches) or random initial particle positions (for the

PSO algorithm).

PSO NR-Cartesian NR-Spherical NR-Projective NR-Stereographic

Success rate (%) 100 83.4 67.8 63.7 52.6
Iteration count 89.7 6.25 4.06 9.62 4.27
Run time (�s) 126 235 233 539 226

The averaged iteration count and run time are computed using the successful runs only.
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In the PSO method, the randomly placed particles within the parametric space will move toward
the minimum, that is, the troughs at the bottom of the landscape. The initial positions of the N
particles in the swarm are shown in Figure 10(a), whereN equals to 10 in this study. The movement
of one particle during the PSO iteration is plotted in Figure 10(b).

Figure 11 plots the histogram of the PSO method in terms of run time and number of iteration
counts based on the 1000 runs. This figure shows that majority of the 1000 runs have a run time and
iteration count around the averaged value of 126 �s and 89.7, respectively. Such small deviations
(i.e., smaller standard deviation values) indicate that the performance of the PSO method is rather
stable in terms of run time and iteration counts.

During particle evolutions in the PSO method, the norm of the difference between the global best
directions qib and the true minimum of the objective function q� decreases in a zigzag pattern as
plotted in a semi-log plot in Figure 12, characteristics of the PSO convergence.

5.2. Finite deformation anisotropic damage model

The second numerical example is the bifurcation analysis of a finite deformation anisotropic damage
model subjected to a uniaxial tension test. This material model is developed by Chen et al. [37] and
is motivated to capture behavior of composite materials containing isotropic elasto-plastic matrix
and direction-dependent microfiber components. This is a much more complex material model to
evaluate the performance of different numerical bifurcation methods. The model formulation is

Figure 10. PSO particles movements during the plane strain compression test on the Drucker–Prager model:
(a) initial and final converged locations of particles in the swarm (the solid black circles indicate the initial
particle positions and the red star is the final converged solution); (b) evolution of one particle position

during the PSO iteration (the red star is the final converged location).

Figure 11. The histogram computed from 1000 runs of (a) run time, and (b) number of iterations, for the
bifurcation analysis on the Drucker–Prager model using the PSO method.
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Figure 12. The convergence of the PSO method in the Drucker–Prager example. The red dash line is a linear
fitting of the convergence plot on this semi-log scale (log10.y/ D �0:07381x � 1:321; R

2 D 0:9734).

briefly presented here. Derivation of the tangent modulus is quite involved, and details are included
in the Appendix A.

5.2.1. Model formulation. The stress and constitutive tangent of the finite deformation anisotropic
damage model are derived from a strain-energy function that has the following form Chen et al. [37]

‰.C ;M i ; �
m; � f

i / D .1 � �
m/f m‰m.C /C

NX
iD1

.1 � � f
i /f

f
i ‰

f
i .C ;M i / (24)

where C is the right Cauchy–Green tensor; M i is a unit vector characterizing the preferred fiber
direction; f m and f f

i are the volume fraction of the matrix and i th fiber; N is the number of fiber
terms; �m and � f

i are the damage parameter corresponding to the matrix and the i th fibers, respec-
tively. In the following example, we assume that there are two preferred fiber directions, that is,
N D 2.

Function ‰m and ‰f
i are the undamaged energy functions for matrix and i th fiber, respectively.

Here, we adopt the following particular forms

‰m.C / D U.J /CW. Nb
e
/ (25)

‰f
i .C ;M i / D

ki

qi
¹expŒqi .I4i � 1/

2�º (26)

where ki and qi are elastic constants for the i th fiber; I4i is a stress invariant defined as

I4i DM i � .C �M i / (27)

U.J / and W. Nb
e
/ are the volumetric and deviatoric part of the strain energy given as

U.J / D
�

2
.
1

2
.J 2 � 1/ � log.J // (28)

W. Nb
e
/ D

�

2
.tr. Nb

e
/ � 3/ (29)

where � and � are the bulk and shear modulus of the matrix, respectively, J is the determinant of
the deformation gradient, and Nb

e
is the elastic left Cauchy–Green tensor. The isotropic elasto-plastic

matrix component is modeled using a finite deformation J2-type plasticity model with the yield
function F given by
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F D jjDev.S /jj �

r
2

3
ŒY0 CH.


p/� (30)

where S is the second Piola–Kirchhoff stress tensor, Dev is the deviatoric operator, Y0 is the initial
yield strength, and H.
p/ is the hardening function of the equivalent plastic strain 
p . A non-linear
hardening function is adopted here [52]

H.
p/ D K
p C Y1Œ1 � exp.�ı
p/� (31)

where K is the hardening modulus, Y1 is the residual strength, and ı is the saturation exponent.
For the evolution law of the scalar damage parameters �m and � f

i , we adopt the following
exponential form [53]

�.˛/ D �1Œ1 � exp.�˛=�/� (32)

where �1 is the dimensionless maximum damage and � is referred to as the damage saturation
parameter. Different sets of maximum damage and damage saturation parameters will be used for
the matrix and ‘microfiber’ terms. The parameter ˛ is defined as the maximum thermodynamic
force [53]

˛.t/ D max
s2Œ0;t�

‰.s/ (33)

The fourth-order tangent moduli for second Piola–Kirchhoff stress S and Lagrangian strain E
conjugate pair can be computed by taking the second-order derivative with respect to E of the free
energy function (24) as

A D .1 � �m/Am C

nX
i

.1 � � f
i /A

f
i � �

m0.Sm ˝ Sm/ �

nX
i

� f0
i .S

f
i ˝ S

f
i / (34)

Table III. Material properties for the finite deformation anisotropic damage model.

Matrix Fibers
Elastic modulus E D 98000 MPa Elasticity constants k1 D k2 D 1000 MPa
Poissons Ratio � D 0:37 Elasticity constants q1 D q2 D 0:1

Damage variable �m
1 D 1:0 Damage variable �f

1.1/
D �f
1.2/

D 1:0

Damage variable �m D 40000:0 Damage variable � f
1 D �

f
2 D 400:0

Volume fraction f m D 0:2 Volume fraction f f
1 D f

f
2 D 0:4

Hardening modulus K D 500 MPa Direction vector M1 D ¹0:5; 0:866; 0:0º
Yield strength Y D 1267 MPa M2 D ¹0:5;�0:866; 0:0º
Saturation exponent ı D 46:0
Saturation Modulus Y1 D 500 MPa

Figure 13. Uniaxial tension test on the finite deformation damage model: (a) axial stress versus axial stretch
behavior and (b) degradation of min.detA/.
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where �m0 and � f0 are the derivatives, with respect to ˛, of the damage parameters defined in (32)
for the matrix and the i th fiber, respectively; Sm and S f

i are the undamaged second Piola–Kirchhoff
stress for the matrix and the i th fiber; Am and Af

i are the undamaged tangent moduli tensors.
Detailed derivations of these tangents are included in Appendix A.

Figure 14. Uniaxial tension test on the finite deformation model: comparison of the run time (in �s) for
different numerical approaches.

Figure 15. Cartesian parameterization: landscapes of det A for the uniaxial tension test of the finite
deformation cladding-hydride damage model at different axial stretch levels.
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The bifurcation condition (1) at finite strain requires the tangent C obtained as the second deriva-
tive of the strain energy with respect to the deformation gradient F . The tangent A in (34) can be
converted to C using the following relation (in indicial notation) [22]

Cijkl D QSlj ıik C FipApjlqFkq (35)

where QSlj is the total effective second Piola–Kirchhoff stress accounting for the damage, that is,
QS D .1 � �m/Sm C

Pn
i .1 � �

f
i /S

f
i .

5.2.2. Uniaxial tension test. The finite deformation anisotropic damage model is subjected to uni-
axial tension with material parameters summarized in Table III. The unit vector M i characterizes
the fiber direction.

Figure 13(a) plots the axial stress versus axial stretch (the axial component of the deformation
gradient) along with the point material bifurcation is detected. Figure 13(b) shows the degradation of
min.detA/ for all five numerical approaches. As in the previous numerical example, all numerical
approaches detect the material bifurcation at the same time, that is, when the axial component of the
deformation gradient F11 D 1:5690 and the corresponding bifurcation direction is given in terms of
the unit vector n D .0:950726; 0; � 0:310032/.

Comparison of the computational cost of different numerical approaches is plotted in Figure 14.
Again, the proposed PSO method is much more efficient in terms of run time. For NR approaches,
the Cartesian parameterization requires the least amount of computation time.

Figure 16. Spherical parameterization: landscapes of det A for the uniaxial tension test of the finite
deformation cladding-hydride damage model at different axial stretch levels.
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To gain insights into the complexity and evolution of the determinant function, we plot land-
scapes of determinant functions at different loading stages in Figures 15 to 17. It can be seen that
landscapes of the determinant functions evolve and exhibit great changes as loading progresses. The
only exception is the Cartesian parameterization, which remains approximately bowl-like shape.
As pointed out by Mota et al. [22], this unique characteristic makes the Cartesian parameterization
more robust for NR-based numerical approach.

Similar to the DP model example, a robustness study is performed by randomly selecting initial
guess for NR-based approaches. Using the material tangent at the onset of bifurcation, 1000 repeated
runs of numerical bifurcation analysis are performed. The results are visualized in Figure 18.

Also, Table IV summarizes and compares the computation time and the success rate of the PSO
algorithm and the NR-based approaches. As in the DP model example, the NR-based approaches
all start with an initial sweep of N number of randomly placed points within the parametric space.
Again, the proposed PSO method is able to correctly detect material bifurcation 100% of the 1000
runs with an averaged run time of just 88.4�s. Recall the results of success rate, averaged run time
and iteration count presented in Table II of the DP model example, we found the proposed PSO
method is consistently stable in terms of both computational cost and robustness. The proposed
PSO method demonstrates superior performance compared with conventional NR-based method for
material bifurcation analysis.

Remark 5
The proposed PSO-based numerical algorithm has been tested in this section on two continuum
constitutive models under two loading scenarios. Also, more complex loading paths have been

Figure 17. Stereographic parameterization: landscapes of det A for the uniaxial tension test of the finite
deformation cladding-hydride damage model at different axial stretch levels.
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Figure 18. Robustness study for NR-based approach with a single random initial guess for minimizing the
determinant function at bifurcation of finite deformation damage model.

Table IV. Success rate and averaged computation time of different numerical approaches with
random initial points (for NR-based approaches) or random initial particle positions (for the PSO

algorithm).

PSO NR-Cartesian NR-Spherical NR-Projective NR-Stereographic

Success rate (%) 100 75.8 84.9 81.9 63.6
Iteration count 66.2 7.06 6.60 8.77 6.46
Run time (�s) 88.4 283 362 516 326

The averaged iteration count and run time are computed using successful runs only.

simulated using the material models presented, where the PSO algorithm shows consistent and
robust performance. Because the PSO algorithm is able to handle optimization of very complex
objective functions, it could potentially be applied to even more complex material models, for exam-
ple, materials with extreme incremental nonlinearity [54, 55], which will be looked into in future
investigations.

6. CONCLUSIONS

In this work, we propose a novel numerical method to the solutions of material bifurcation problem
in small and finite deformation computational inelasticity. The method is based on an intelligence
optimizer called the PSO, which is used to solve the constrained minimization problem of finding
the minimum of the determinant of the acoustic tensor and the associated bifurcation directions.
The performance of the proposed PSO method is tested through numerical bifurcation analysis
on both small and finite deformation material models with increasing complexity. Common NR-
based numerical approaches are also implemented to compare with the proposed PSO method. In
summary, we find that

1. The proposed approach is simple in formulation and convenient for implementation. This is
in contrast to conventional NR-based approaches, which require derivation and evaluation of
gradient of the complex determinant function.

2. A small deformation plasticity model for frictional-dilative geomaterial and a finite defor-
mation anisotropic damage model under simple loading provides sufficiently complexity to
evaluate the proposed numerical approach to detect material bifurcation.

3. For the conventional NR-based approaches, the efficiency and robustness are greatly affected
by the quality of initial guess from sampling stage. Among four parameterizations investi-
gated, the Cartesian parametrization is the most robust and provides the best balance between
computational efficiency and robustness.

4. The proposed PSO-based approach shows consistently superior performance in terms of both
computational efficiency and robustness when applied to small and finite deformation mate-
rial models with increasing complexity. The proposed approach provides a valuable tool for
efficient and robust numerical analysis of material bifurcation in computational inelasticity.
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APPENDIX A: DERIVATION OF TANGENT MODULI FOR THE FINITE DEFORMATION
ANISOTROPIC DAMAGE MODEL

In this section, details of the derivation to obtain the undamaged tangent moduli of the matrix Am

and fibers Afi in (34) are presented. Notations and symbols used in the derivation are as follows:
the symbol ‘�’ denotes an inner product of two vectors (e.g., a � b D aibi ), or a single contraction of
adjacent indices of two tensors (e.g., c �d D cijdjk); the symbol ‘:’ denotes an inner product of two
second-order tensors (e.g., c W d D cijdij ), or a double contraction of adjacent indices of tensors
of rank two and higher (e.g., C W � D Cijkl
kl ); the symbol ‘˝’ denotes a juxtaposition, that is,
.a˝ b/ij D aibj .

A.1 Tangent modulus of the isotropic elastoplastic matrix

For the tangent modulus of the isotropic elastoplastic matrix, denoted as Am in (34), an elastic tan-
gent Ame will be returned if the material undergoes elastic deformation and an elstoplastic tangent
Amep will be returned for plastic deformation.

In the elastic domain, the volumetric part of the undamaged second Piola–Kirchhoff stress tensor
Sm

V and the elastic tangent moduli AmV are calculated by taking the first and second derivative of
the volumetric strain energy U.J / defined in (25) with respect to the Lagrangian strainE . Note that
E D 1

2
.C � I/, the derivative yields

Sm
V
D f mU 0JC�1 (A.1)

AmV D f mŒU 00J 2C�1 ˝ C�1 C U 0JC�1 ˝ C�1 � U 0J.C�1ik ˝ C
�1
jl C C

�1
il ˝ C

�1
jk /� (A.2)

where C is the right Cauchy–Green tensor, J is the determinant of the deformation gradient F , U 0

is the derivative of volumetric strain energy U with respect to E .
Similarly, the deviatoric part of second Piola–Kirchhoff stress tensor SmDev or Dev.Sm/ and the

elastic tangent moduli AmDev can be calculated as

Sm
Dev
D f m�J�2=3C p�1 W PDev (A.3)

AmDev D f m
�
1

3
�J�2=3.C p�1 W C /.C�1ik ˝ C

�1
jl C C

�1
il ˝ C

�1
jk /

�
2

3
�J�2=3C p�1 W PDev ˝ C�1 �

2

3
�J�2=3C�1 ˝ C p�1

� (A.4)

where PDev D I� 1
3
C ˝C�1 is the fourth-order deviatoric operator tensor defined in the reference

configuration; I is the fourth-order identity tensor.
Thus, the undamaged second Piola–Kirchhoff stress and the elastic tangent modulus of the matrix

in elastic domain can be written as

Sm D f m
@‰m

@E
D Sm

V
C Sm

Dev (A.5)

Ame D
@Sm

@E
D AmV CAmDev (A.6)

In the plastic domain, the elasto-plastic tangent modulus can be derived using consistent
condition, yield function and flow rule, and is given as [56]

Amep D Ame �
@F
@E
˝ @F

@E

@F
@Ep
WM�1 W @F

@E
� @F
@Q
� PQ

(A.7)
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where F is the yield function, Ep is the Lagrangian plastic strain, Q is the internal variable, M is
the plastic dissipation tangent moduli, defined as [56]

M D
@2‰m

@E@Ep
(A.8)

The yield function is defined in (30) and repeated here

F D jjDev.S /jj �

r
2

3
ŒY0 CH.


p/� (A.9)

In the yield function (A.9), the norm of the deviatoric second Piola–Kirchhoff stress tensor
jjDev.S /jj in the reference configuration is defined as [56]

jjDev.S /jj D
q
ŒDev.S /C � W ŒDev.S /C �T (A.10)

where the right Cauchy–Green tensor C plays the role of a metric tensor [56]. By using the chain
rule

@jjDev.S /jj

C
D
ŒDev.S /C �T

jjDev.S /jj
W
@Dev.S /C

@C
(A.11)

Denote first term on the left-hand side as

N D
ŒDev.S /C �T

jjDev.S /jj
(A.12)

The second term on the left-hand side of (A.11) can be calculated as (in indicial notation)

@Dev.S im/Cmj
@C kl

D
@Dev.S im/

@C kl
Cmj C Dev.S im/

@Cmj

@C kl

D
1

2
ADevimklCmj C Dev.S im/Imjkl

(A.13)

where I is the fourth-order identity tensor. Combing (A.12) and (A.13) yields the derivative of yield
function F with respect to the Lagrangian strain E as

@F

@Ekl
D 2

@jjDev.S /jj

@C kl
D N ij W .A

Dev
imklCmj C 2Dev.S im/Imjkl/ (A.14)

The plastic dissipation tangent can be calculated as

Mijkl D
@S ij

@E
p

kl

D ��J�2=3.C
p�1

mk
˝ C

p�1

nl
C C

p�1

ml
˝ C

p�1

nk
/ W PDevmnij (A.15)

Recalling that

@Dev.S im/Cmj
@E

p

kl

D
@S im

@E
p

kl

Cmj DMimklCmj (A.16)

By chain rule and using (A.16), the following terms in (A.7) can be obtained

@F

E
p

kl

D
.Dev.S /C /T

jjDev.S /jj
W
@Dev.S /C

@Ep
D N ij W .MimklCmj / (A.17)

@F

@E
p

kl

WM�1klpq D N ij W .MimklCmj / WM
�1
klpq D NpmCmq (A.18)
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For the hardening terms involving internal variableQ, which is the equivalent plastic strain 
p in
this model, the following gradient can be easily derived

@F

@Q
D
@F

@
p
D �

r
2

3
ŒK C Y1ı exp.�ı
p/� (A.19)

PQ WD
@
p

@�
D

r
2

3
(A.20)

whereK is the hardening modulus, Y1 is the residual strength, ı is the saturation exponent, � is the
cumulative plastic strain.

A.2 Tangent modulus of the direction-dependent fibers

Taking the derivative of the strain energy ‰fi of the fibers defined in (26) with respect to the
Lagrangian strain E yields the undamaged stress S fi , which can be written as

S
f
i D f

f
i

@‰
f
i

@E D 2f
f
i

@‰
f
i

@C
D 2f

f
i ki .I4i � 1/ exp Œqi .I4i � 1/

2�M i ˝M i (A.21)

where f f
i is the volume fraction of the i th fiber, ki and qi are elastic constants, I4i is a stress

invariant defined in (27),M i is a unit vector characterizing the preferred fiber direction.
The undamaged tangent modulus can be calculated as

Afi D 2
@S

f
i

@C
D 8:0f

f
i ki Œ1:0C 2:0qi .I4i � 1/

2� expŒqi .I4i � 1/
2�M i ˝M i (A.22)
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